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Motivated by the study of pollution trends in the city of Bergen, we intro-
duce a flexible statistical framework for modeling multivariate air pollution
data via a nonhomogeneous hidden semi-Markov vector autoregression. The
hidden process captures unobserved environmental conditions, while the vec-
tor autoregressive structure accounts for temporal autocorrelation and cross-
pollutant dependencies. The model further allows time-varying environmen-
tal conditions to influence both the average levels of pollutant concentrations
and the duration of different transient states. Parameters are estimated via
maximum likelihood using a tailored expectation-maximization (EM) algo-
rithm, integrated with state-specific ℓ1 regularization to control overfitting
and automatically select relevant temporal lags. The proposal is tested on sim-
ulated data under different scenarios and then applied to daily concentrations
of nitrogens and particulate matter recorded in an urban area. Environmen-
tal risk is assessed by a Shapley value-based decomposition that attributes
marginal risk contributions. This approach offers a comprehensive framework
for multivariate environmental risk modeling, enabling better identification of
high-pollution episodes and informing policy interventions.

1. Introduction. Identifying the sources and patterns of air pollution is essential for
planning policy interventions meant to preserve the environment and public health (Shan et
al. (2024)). Traditional methods have largely focused on single-pollutant models (Martinez-
Zarzoso and Maruotti (2013), Liang et al. (2021), Maruotti and Alaimo Di Loro (2023));
however air pollutants do not occur in isolation (Finazzi, Scott and Fassò (2013), Merlo et al.
(2022), Cao (2024), Zhu et al. (2024)) but are emitted and dispersed jointly. They often share
common sources and co-occur under specific environmental conditions, which influence how
they interact through atmospheric chemistry, particularly during episodes of atmospheric in-
stability when simultaneous surges in pollutant concentrations occur. This makes the envi-
ronmental risk associated with air pollution a fundamentally multivariate phenomenon that
exhibits complex mixtures of behaviors (Boaz, Lawson and Pearce (2019), Baragaño et al.
(2022)). As such, neglecting their joint dynamics can hinder a comprehensive understanding
of pollution patterns.

To address these issues, air pollution modeling must move beyond univariate approaches
and adopt multivariate statistical frameworks that reflect the true complexity of pollution mix-
tures (Maruotti et al. (2017), Bouveyron et al. (2022)). We develop a general and flexible mod-
eling approach that reflects the empirical features observed in air quality measurements—
features that are not only specific to air pollution trends but also broadly relevant across other
applications involving multivariate time series. We assume that pollutant concentrations can
be generated under multiple unobserved environmental conditions that can favor or limit the
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accumulation of air pollutants. These states can be inferred from the data via a time-varying
mixture model, where the hidden state dynamics are governed by a semi-Markov process
(Barbu and Limnios (2009), Yu (2015), Ruiz-Suarez, Leos-Barajas and Morales (2022)). Un-
like nonhomogeneous Markov models (Hoskovec et al. (2023)), the semi-Markov formula-
tion allows for sojourn times that are not necessarily geometrically distributed, enabling a
more realistic representation of the persistence and duration of pollution episodes. More-
over, we allow for the inclusion of covariates’ effects (e.g., meteorological conditions) in the
sojourn distribution, introducing an additional layer of flexibility in how long different envi-
ronmental states might last (Lagona and Mingione (2025), Koslik (2025)). Explicitly mod-
eling the duration of each latent state and the parametric effects of covariates on transition
probabilities is essential for uncovering the mechanisms that drive shifts between pollution
regimes. Given the hidden state, we assume that the observed multivariate process can be
described by a Gaussian vector autoregressive (VAR) model with state-dependent parameters
(Hadj-Amar, Jewson and Vannucci (2024)). This formulation allows accounting for temporal
autocorrelation, which is a prominent feature of atmospheric pollutant series due to accu-
mulation and transport mechanisms, and the instantaneous cross-dependence, allowing it to
vary across different environmental conditions. For instance, pollutants’ accumulation and
correlations can strengthen during high-pollution episodes and weaken under cleaner condi-
tions. This enables the model to reflect short-term dependencies and Granger-causal relation-
ships among pollutants, capturing both feedback dynamics and temporal clustering in their
evolution. Though the model is very flexible, the computational burden is not cumbersome.
Parameters are estimated by an expectation-maximization (EM) algorithm with a regularized
M-step. Regularization is obtained by integrating the M-Step with a ℓ1 penalty on the au-
toregressive coefficients, considering a state-dependent penalty as in Städler and Mukherjee
(2013). In the absence of appropriate asymptotic results, estimation uncertainty is quantified
by parametric bootstrap.

Drawing on the extensive literature on financial risk assessment, we adapt the multiple-
CoVaR (MCoVaR) and multiple-CoES (MCoES) methodologies to the environmental do-
main, emphasizing the importance of capturing the multidimensional nature of environmental
risk. To this end, we adopt the multivariate risk framework introduced by Adrian and Brun-
nermeier (2016) and extended to dynamic mixtures in Bernardi, Maruotti and Petrella (2017).
In particular, we implement a standardized Shapley value-based risk attribution methodology
to ensure an equitable decomposition of each pollutant’s risk.

The model is motivated by an analysis of daily pollutant concentration levels of NO, NO2,
PM1, PM2.5 and PM10 at Danmarksplass, the busiest traffic intersection in Bergen. It has
garnered media attention due to poor air quality during cold, dry periods with minimal wind.
Approximately 40,000 vehicles traverse this intersection daily and the surrounding contains
a significant proportion of old wooden houses heated by wood-burning stoves (Bergen Kom-
mune (2023)). The results reveal notable features of the multivariate time series of pollutants,
particularly the emergence of two distinct states characterized by low and high concentra-
tion levels. Beyond differences in average pollutant levels, these states also exhibit markedly
different correlation structures and temporal dynamics. Specifically, we notice that, in the
absence of favorable meteorological conditions, the high-pollution state may persist indefi-
nitely. In terms of risk contribution, the analysis identifies the nitrogens (NO and NO2) and
PM2.5 and PM10 as mutually reinforcing in terms of risk. By contrast, PM1 exhibits a more
autonomous behavior, with a seasonally varying relationship to PM2.5. This seasonal asym-
metry may reflect the shifting composition of pollution sources across the year.

2. Data description. We focus on daily air pollutant concentrations of particulate mat-
ter across three size categories (PM10, PM2.5 and PM1) as well as nitrogen oxides (NO and
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NO2), recorded from January 1, 2020, to December 31, 2022. All concentrations are mea-
sured in micrograms per cubic meter (μg/m3). By definition, particulate matter concentra-
tions of increasing size are intrinsically dependent. Specifically, PM10 = PM2.5+ PM∗

10 and
PM2.5 = PM1+ PM∗

2.5, where PM∗
10 and PM∗

2.5 represent residual particulate matter concen-
trations corresponding to particles sized between 2.5–10 and 1–2.5, respectively. This struc-
ture reflects a natural hierarchy in particulate matter composition: PM1 includes the smallest
particles, and larger particle categories are constructed by sequentially adding residual mass.
Consequently, any valid probabilistic modeling of the PM variables must respect the order-
ing constraint PM10 ≥ PM2.5 ≥ PM1. To address and disentangle this inherent dependence
structure, we work with the residual PM components. We retain PM1 in its original form and
define the residual variables as PM∗

10 = PM10−PM2.5 and finally PM∗
2.5 =PM2.5−PM1.

Additionally, the raw concentration data are log-transformed to accommodate the mul-
tivariate Gaussian assumption of the emission density within the VAR model discussed in
Section 3.1. The use of log-concentrations is well established in the environmental literature
(Liao et al. (2021)), supported both by physical justifications for log-normality (Ott (1990),
Andersson (2021)) and by the interpretability of log-scale relationships as elasticities. From
this point onward, unless otherwise specified, the terms PM∗

10, PM∗
2.5, PM1, NO and NO2

refer to the log-transformed pollutant concentrations. Figure 1 presents the observed time
series of daily pollutant concentrations. The data exhibit a broadly stationary pattern with
yearly seasonality, while closely occurring spikes suggest a degree of temporal dependence.
These patterns are further emphasized by the partial autocorrelation functions reported in
the Supplementary Material (Mingione et al. (2026)), together with both the marginal and
joint (pairwise) distributions of the log-transformed concentrations, supporting the Gaussian
assumptions and the existence of possible heterogeneity.

To enrich the analysis, these pollution data are merged with meteorological data that are
collected hourly from the nearest high-quality weather station located at Florida, approxi-
mately one kilometer from Danmarksplass. These meteorological variables have been aggre-
gated on the daily scale to match the pollutant resolutions and can be used as covariates for

FIG. 1. Observed time series (on the log-scale) of the five considered pollutants over the whole study period: (a)
NO, (b) NO2, (c) PM1, (d) PM∗

2.5, (e) PM∗
10.
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FIG. 2. Observed time series of the available covariates for the whole study period: (a) total precipitation (mil-
limeters), (b) wind speed (m/s) and (c) temperature (C◦).

modeling the pollutant concentrations dynamics. In particular, we consider the daily total pre-
cipitation (in millimeters), daily average wind speed (in meters per second), and daily average
temperature (in degrees Celsius); see Figure 2. Bergen’s geographic location—the North At-
lantic Ocean and situated along the Byfjorden—gives rise to an oceanic climate characterized
by mild summers, cool and wet winters, and generally high humidity. The proximity to the
ocean exerts a thermal buffering effect, moderating seasonal temperature variations: aver-
age temperatures hover around 9◦C, with winters being relatively mild and summers cooler
than those experienced in more inland regions. Therefore, we expect the daily average tem-
perature to be a reasonable proxy for the seasonal patterns visible in the average level of
pollutant concentrations’. Furthermore, the city’s coastal position allows moist Atlantic air to
funnel inland via the fjord, resulting in frequent precipitation and moderate wind conditions
year-round. During the observation period, the longest recorded spell without precipitation
lasted 11 consecutive days, although, on average, rainfall occurred at intervals no longer than
three days. As rain and wind are considered two of the major drivers in abruptly reducing the
concentration of air pollutants (Ouyang et al. (2015), Zhang et al. (2018)), we expect to see
similar patterns in the transitions from high-pollution states to lower ones. Finally, we also
enrich the available data by building up a weekend effect covariate from the recording date.
This effect might be useful to adjust for the inherent weekly seasonality of pollution data
related to the typical patterns of human activities (Tavella et al. (2023)).

3. Methods. Multivariate time series data can be expressed in the form of a T × p array
of observations, say 𝒀 = [𝒚⊤

1 , . . . ,𝒚⊤
T ] with 𝒚t = [ytj ]pj=1, where each single entry ytj de-

notes the value of the j th outcome at time t . These observations are viewed as a realization
of a stochastic process {𝒀 t : t = 1, . . . , T }, whose joint distribution is more tractable when
conditioned on hidden states. We model this unobserved heterogeneity through a time de-
pendent hidden process 𝒖 = {𝒖t : t = 1, . . . , T }, where 𝒖t = [ut1, . . . , utK ] is a multinomial
random variable with one trial and K states. The process is said to be in state k at time t if
utk = 1. The law of 𝒀 can then be specified by a hierarchical model that combines a para-
metric conditional distribution of the observations, given the hidden states f (𝒀 |𝒖; 𝜽) (the
observation process), with a parametric model for the latent chain p(𝒖;𝜼) (the hidden pro-
cess). The corresponding marginal distribution of the observed data can be obtained through
marginalization of the hidden process as

(1) f (𝒀 ; 𝜽,𝜼) = ∑︂
𝒖

f (𝒀 |𝒖; 𝜽) · p(𝒖;𝜼).

3.1. The observation process. Hierarchical time-series models involving hidden states
can be simplified by assuming that the observation vectors 𝒚t , t = 1, . . . , T , are conditionally
independent given the corresponding hidden state 𝒖t . Under this assumption, the conditional
distribution of the full data conveniently factorizes as f (𝒀 |𝒖) = ∏︁T

t=1
∏︁K

k=1 f (𝒚t ; 𝜽k)
utk ,
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where 𝜽k denotes the vector of parameters associated with state k. This formulation implies
that each multivariate observation is independent of past and future observations, conditional
on the hidden state at time t . Consequently, the observed process is fully characterized by
specifying a model for the conditional distribution 𝒚t |𝒖t . A popular choice is the multivariate
Gaussian distribution 𝒚t |utk = 1 ∼ 𝒩 (𝝁k,𝚺k), t = 1, . . . , T , where 𝝁k and 𝚺k denote the
state-dependent mean vector and covariance matrix, respectively. This choice can capture the
within-state dependence structure among the p components of 𝒚t .

However, in many real-world applications—particularly in environmental contexts—the
assumption that the state-specific mean vector 𝝁k remains constant over time can be overly
restrictive. Empirical evidence often indicates that multivariate time series exhibit autore-
gressive dependencies, with current outcomes directly influenced by past observations. As a
result, assuming conditional independence of observations given only the hidden state may
be overly simplistic. To accommodate this additional temporal structure, we relax the condi-
tional independence assumption and assume that each observation 𝒚t is conditionally inde-
pendent of the rest of the process given both the hidden state 𝒖t and a finite history of past
observations up to lag H . In this setting, the distribution of the observed process factorizes
as:

f (𝒀 |𝒖) =
T∏︂

t=1

K∏︂
k=1

fk(𝒚t |𝒚(t−H):(t−1); 𝜽k)
utk ,

where 𝒚(t−H):(t−1) = [𝒚(t−H), . . . ,𝒚(t−1)]. More specifically, we model the conditional dis-
tributions using a state-dependent vector autoregressive model of order H (VAR(H )),

(2) fk(𝒚t |𝒚(t−H):(t−1); 𝜽k) = 𝒩
(︄
𝒃k +

H∑︂
h=1

𝑨kh𝒚t−h,𝚺k

)︄
,

where 𝒃k is a p × 1 baseline mean vector and 𝑨kh, h = 1, . . . ,H are p × p autoregressive
coefficient matrices that capture temporal dependence across components and lags within
each state.

When exogenous covariates are available in the form of a T ×J matrix 𝑿 = [𝒙⊤
1 , . . . ,𝒙⊤

T ],
we incorporate their influence into the baseline level through a linear regression term
𝒃k(𝒙t ) = 𝒃k0 + 𝑩k𝒙

⊤
t , where 𝑩k is a p × J matrix of regression coefficients. In our case

study, only meteorological factors have been included, but further applications might also
include policy interventions or demographic information.

Within this framework, the conditional mean of the observation process is dynamically
updated based on both historical observations and contemporaneous exogenous variables.
We notice that the VAR process within each state k is stable whenever the eigenvalues of the
corresponding companion matrix lie strictly within the unit circle. This condition guarantees
that if the process were to remain in state k indefinitely, it would exhibit stationary behavior
rather than diverging. In particular, if the VAR process of all states k = 1, . . . ,K is stable, then
the resulting mixture of VAR processes {𝒀 t : t = 1, . . . , T } also inherits stability properties
(Fong et al. (2007)).

3.2. The hidden process. We assume the hidden process to be the realization of a K-
states multinomial chain, which is a discrete-time stochastic process 𝒖 = {𝒖t : t = 1, . . . , T }.
Its joint distribution can be expressed in the following conditional factorized form:

(3) p(𝒖) = p(𝒖1) ·
T∏︂

t=2

p(𝒖t |𝒖t−1, . . . ,𝒖1),
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where p(𝒖1) = ∏︁K
k=1 π

u1k

k is the initial distribution at time t = 1 and p(𝒖t |𝒖t−1, . . . ,𝒖1)

denotes the conditional distribution at times t = 2, . . . , T , given the full history of the process.
The time-dependence properties of the chain is characterized by specific assumptions on the
conditional distributions building up equation (3). In a semi-Markov chain, they are assumed
to be conditionally independent on the full history of the process, given the time of the last
transition. This is conveniently summarized by the state of the chain at time t − 1, say k,
and the current dwell time dt−1, which is the time spent in k since the last transition. The
behavior is then captured by the transition probability from any state k = 1, . . . ,K to state
j = 1, . . . ,K after having sojourned d times in state k, which we denote as γkj (d) = P(utj =
1|u(t−1)k = 1, dt−1 = d). We say that 𝒖 is a semi-Markov chain if the conditional distributions
can be expressed as

(4) p(𝒖t |𝒖t−1, . . . ,𝒖1) =
K∏︂

k=1

K∏︂
j=1

γkj (dt−1)
utkj , t = 2,3, . . . , T ,

where utkj = u(t−1)k · utj . The specification of the statistical model for a (homogeneous)
semi-Markov chain is traditionally completed by assuming a parametric model for the sojourn
distribution, say pk(d), and the conditional transition probability K × K matrix Ω = [ωkj ],
where ωkj = P(utj = 1|utk = 0, u(t−1)k = 1). Popular choices for the sojourn distribution
are the shifted Poisson, the shifted negative binomial, and the logarithmic (see, e.g., O’Con-
nell and Højsgaard (2011)), but any distribution on the positive integers is admissible. The
extension to inhomogeneous semi-Markov chains is achieved by allowing the dwell-time
distribution to depend on a covariate profile 𝒛⊤, say pk(d;𝒛⊤). However, this formulation
restricts the role of covariates to the onset of a stay, after which the dwell-time distribution
remains fixed in determining its length (Ricciotti et al. (2025)). This is an overly restrictive
limitation in studies where the stay of the system in a specific latent regime is instantaneously
influenced by time-varying weather conditions, as in the air pollution study motivating this
work.

To obtain a more convenient parametric specification of the transition probabilities in equa-
tion (4), we follow an alternative approach recently suggested by Lagona and Mingione
(2025), who induce a model on pk(d) by means of the probability of leaving state k after
a dwell time d ,

qk(d) = P(utk = 0|u(t−1)k = 1, dt−1 = d), k = 1, . . . ,K.

Under this setting, the transition probabilities are obtained as

(5) γkj (dt−1) =
{︄

1 − qk(dt−1) j = k,

qk(dt−1) · ωkj j ≠ k,
k, j = 1, . . . ,K.

In (5), qk(d) plays the role of a discrete hazard function, as it indicates the probability of
switching state given that the chain has “survived” d times in a state k. Note that the two
approaches define equivalent quantities, as there is a one-to-one correspondence between
hazards and probability distributions of sojourn times:

(6) pk(d) = qk(d)

d−1∏︂
δ=1

(︁
1 − qk(δ)

)︁
, k = 1, . . . ,K.

If the hazard is constant, say qk(d) = qk , then (6) reduces to a geometric distribution. If this
holds for any state k = 1, . . . ,K , then γkj (d) = γkj do not depend on the dwell time and 𝒖

reduces to a Markov chain with transition probabilities γkj . Otherwise, the Markovianity is
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lost as the transition probabilities are endogenously updated by the dwell time of the current
state.

Drawing from the survival analysis literature, the hazards can be expressed in a generalized
linear model fashion as g(qk(dt−1)) = βk0 +βk1dt−1, where g is a suitable link function (e.g.,
the complementary log-log) and the βs are regression coefficients. This expression yields two
main advantages. First, the constant hazard model is included as a particular case (when β1k =
0), facilitating tests against the null hypothesis of a geometric dwell time. These tests are more
complicated under the traditional approach, because popular sojourn time distributions do not
typically include the geometric distribution as a particular case. Second, it can be extended
to include a profile of time-varying covariates 𝒛t , not necessarily equal to the profile 𝒙t that
has been exploited at the observation level, namely,

(7) g
(︁
qk(dt−1,𝒛t )

)︁ = βk0 + βk1dt−1 + 𝒛⊤
t 𝜷k2, k = 1, . . . ,K.

Under (7), the hazard is endogenously updated by the current dwell time and, exogenously,
by time-varying covariates. By plugging this dynamic hazard regression into equation (6), we
obtain a sojourn time distribution that can be modulated by covariates at every time, and not
just at baseline.

The joint distribution of 𝒖 is thus fully specified by a parametric model p(𝒖|𝜼) that de-
pends on the parameter vector 𝜼 = (𝜷,𝝎), where the regression coefficients β of the hazard
regressions (7) drive the sojourn distribution of each state, whereas the conditional switching
probabilities ω steer the chain to a specific state at each transition.

4. Likelihood-based inference. For a given K , the joint distribution of the proposed
hierarchical model is known up to the parameters 𝜽 and 𝜼, where 𝜽 = {𝜽k : k = 1, . . . ,K} are
the observation process parameters and 𝜼 = {𝝅 ,𝜷,𝛀} are the hidden process ones. Parameter
estimation given the observed data for a fixed number of hidden states K and maximum
autoregressive lag H can be pursued by optimizing the marginal likelihood corresponding to
equation (1),

L(𝜽 ,𝜼) = ∑︂
𝒖

T∏︂
t=1

K∏︂
k=1

fk(𝒚t |𝒚(t−H):(t−1); 𝜽k)
utkp(𝒖1;𝝅)

T∏︂
t=2

K∏︂
k=1

K∏︂
j=1

γkj (dt−1;ωkj ,𝜷k)
utkj .

However, its direct maximization is hindered by the overwhelming summation over all the
possible paths of the latent semi-Markov chain. This difficulty can be overcome through the
approximation of the hidden semi-Markov chain as a hidden-Markov one with K × m num-
ber of states, where m is the maximum dwell-time for which the parametric assumption of
equation (7) holds. Dwell times larger than m are still allowed, but their distribution is ap-
proximated by a geometric tail (Zucchini, MacDonald and Langrock (2016), Lagona and
Mingione (2025)). The HMM formulation gives way to the implementation of a workable
EM algorithm where maximization of a weighted complete-data log-likelihood (M step) is
iteratively alternated with weights updating (E step), until convergence. Convergence is as-
sessed through log-likelihood- and/or parameter-based stopping criteria.

Specifically, at each iteration ℓ, the E-step evaluates the univariate posterior probabili-
ties π̂

(ℓ)
tkd = P(utkd = 1|𝒚, 𝜽 (ℓ−1),𝜼(ℓ−1)) and the bivariate posterior probabilities π̂

(ℓ)
tkdjd ′ =

P(u(t−1)kd = 1, utjd ′ = 1|𝒚, 𝜽̂
(ℓ−1)

, 𝜼̂(ℓ−1)
) through the forward-backward recursions of the

Baum–Welch algorithm (see Cappé, Moulines and Rydén (2005) for an excellent review).
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Such weights are exploited by the subsequent M-step that updates the parameters by maxi-
mizing the weighted log-likelihood function,

Q(𝜽 ,𝝅,𝝎,𝜷) =
K∑︂

k=1

π̂
(ℓ)
1k logπk⏞ ⏟⏟ ⏞
Q(𝝅)

+
T∑︂

t=2

K∑︂
k=1

K∑︂
j=1

m∑︂
d,d ′=1

π̂
(ℓ)
tkdjd ′ logγkj (d,𝒛t ;𝛀,𝜷)

⏞ ⏟⏟ ⏞
Q(𝛀,𝜷)

+
T∑︂

t=1

K∑︂
k=1

π̂
(ℓ)
tk logfk(𝒚t |𝒚(t−H):(t−1); 𝜽k)⏞ ⏟⏟ ⏞

Q(𝜽)

,

where Q(𝛀,𝜷) = Q(𝛀)+Q(𝜷) with Q(𝛀) = ∑︁T
t=2

∑︁K
k=1

∑︁
j≠k

∑︁m
d,d ′=1 π̂tkdjd ′ logωkj and

Q(𝜷) =
T∑︂

t=2

K∑︂
k=1

∑︂
h≠k

m∑︂
d,d ′=1

π̂tkdjd ′ logqk(d,𝒛t ;𝜷)

+
T∑︂

t=2

K∑︂
k=1

m∑︂
d,d ′=1

π̂tkdkd ′ log
(︁
1 − qk(d,𝒛t ;𝜷)

)︁
.

The weighted log-likelihood function is the sum of functions that depend on indepen-
dent sets of parameters, which can be maximized separately. Functions Q(𝝅) and Q(𝛀)

are weighted multinomial log-likelihoods for which the points of maximum are available in
closed form as

π̂
(ℓ)
k = π̂

(ℓ)
1k , ω̂

(ℓ)
kj =

∑︁T
t=2

∑︁
j≠k

∑︁m
d,d ′=1 π̂

(ℓ)
tkdjd ′∑︁T

t=2
∑︁K

k=1
∑︁

j≠k

∑︁m
d,d ′=1 π̂

(ℓ)
tkdjd ′

.

Q(𝜷) is a Binomial log-likelihood that can be maximized by conventional iteratively

reweighted least-squares routines, leading to 𝜷̂
(ℓ)

k .
Function Q(𝜽) is the weighted log-likelihood of a VAR model and can be maximized

via the SUR (seemingly unrelated regression) method. For each state k and outcome j , the
optimal estimate of the VAR parameters {𝒂̂kj , b̂kj0, 𝒃̂kj }(ℓ) are the minimizers of the weighted

sum of squares 𝒆T
kjW

(ℓ)
k 𝒆kj , where 𝒆kj = [e1kj , . . . eT kj ] is the residual vector of model (2),

(8) etkj =
(︄
ytj − bkj0 − 𝒙T𝒃kj −

H∑︂
h=1

p∑︂
i=1

akjihy(t−h)i

)︄

and W
(ℓ)
k is the T × T diagonal matrix of the weights π̂

(ℓ)
tk = ∑︁

d π̂
(ℓ)
tkd . The corresponding

estimate of Σ̂
(ℓ)
k can be obtained by plugging these estimates into the residuals (8) and com-

puting each entry as

σ̂kij =
∑︁T

t=1 π̂tk · etkietkj∑︁T
t=1 π̂tk

.

However, such SUR approach involves a large number of parameters and requires the selec-
tion of the lags to be included in the VAR specification. These are generally unknown and
would require post hoc model selection scheme. Therefore, to enhance interpretability and
avoid the arbitrary choice of the lags, we regularize the least squares by a LASSO penalty
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(Basu and Michailidis (2015), Tan, Chiong and Moon (2021)), updating the VAR parameters
as the solution of the penalized least squares problem,

(9) min
{︁
𝒆T
kjW

(ℓ)
k 𝒆kj + λk · ∥𝒂kj + 𝒃kj∥1

}︁
,

using a battery of penalty coefficients λk that operate on the state-specific regression coef-
ficients of the VAR. For a sufficiently large value of the maximum lag H , this LASSO reg-
ularization enforces sparsity and ensures that the irrelevant lagged variables and covariates
are automatically excluded from the model, leading to a more parsimonious representation.
Such LASSO selection procedure also helps mitigating the underestimation of exhogeneous
covariates’ effects, if they are included in the model. Indeed, LASSO would favor lagged
values of the main variables over other exogeneous variables if and only if they are deemed
to be a better predictor of future outcomes.

The proposed estimation procedure leads to an optimal solution for a specific number K of
hidden states K and a specific value of the penalty coefficients λk , k = 1, . . . ,K . Their choice
is nontrivial, especially under a mixture setting, where a post hoc selection over a grid of pos-
sible combinations of the two is compared through goodness-of-fit or prediction metric. In
our case we consider and test through a simulation study the use of the Integrated Complete
Likelihood (ICL, see Biernacki, Celeux and Govaert (2000)) to perform model selection in
terms of both these terms. However, we must note that in a mixture context the size of the
grid of λks on which the validation process should be performed increases quadratically with
the number of states K , becoming rapidly overwhelming, even for moderate K . This issue
is particularly pronounced in an HSMM context, where even a single fit might be compu-
tationally demanding. One could consider adopting one single value λk = λ, but it is well
known that the optimal penalty value in penalized regression usually depends on sample size
(Bühlmann and van de Geer (2011)). Therefore, the penalty parameter magnitude should at
least account for the effective number of units belonging to each state. In the context of finite
mixture of regression, Khalili and Chen (2007) propose penalties that depend on the size of
the regression coefficients and the mixture structure. Similarly, Städler and Mukherjee (2013)
propose a penalty that automatically and dynamically adapts to the current state-specific ef-
fective sizes within the EM optimization routine. In the latter the dynamically varying penalty
term is specified as

λk = λ0 ·
⌜⃓⃓⎷ T∑︂

t=1

π̂tk, k = 1, . . . ,K.

λ0 is a baseline penalty term susceptible to state-specific penalty adjustments which are pro-
portional to the square root of the effective sample size of each state, conforming to the asymp-
totic theory on the optimal penalty developed in Städler, Bühlmann and van de Geer (2010).

The proposed EM algorithm is stopped when the relative variation in all the parameters
between two consecutive iterations is lower than 10−4. This yields the final parameters’ es-
timates (𝜽̂ , 𝜼̂). In such a complex context, the derivation of uncertainty of the parameters
through the inversion of the Hessian is not practical. Therefore, we quantify uncertainty
through the implementation of a parametric bootstrap (Efron (2000), Visser, Raijmakers and
Molenaar (2000)). This is further complicated by the LASSO penalty, for which the bootstrap
would return biased confidence intervals of the true parameters (Chatterjee and Lahiri (2011),
Li (2020)). Therefore, we first de-bias the final estimates by mean of a relaxed LASSO fit
(i.e., one more round of the M-step in EM with only the selected coefficient and no penalty),

obtaining 𝜽̂
R

. Then we simulate B datasets from the joint model with parameters (𝜽̂
R
, 𝜼̂) and

re-fit the whole procedure, model selection included, on each of them. This yields (𝜽̂
b
, 𝜼̂b

)Bb=1

that can be used to quantify the overall uncertainty of (𝜽̂ , 𝜼̂).
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5. Simulation study. We devise a simulation study to assess and verify the validity of
our proposal in three major aspects: (i) evaluate whether the ICL can effectively discriminate
the best pair (K,λ0); (ii) recovery of the model parameters and selection of the nonzero
coefficients in the observation process; (iii) time-series segmentation.

We simulate B = 200 replicate datasets with n = 1100 observations to match the size of
the real data under analysis. The outcome dimension is set to p = 3 and the maximum lag
order equal to H = 4, for a varying number of mixture components K = 2,3,4. The autore-
gressive coefficients have been chosen such that each state corresponds to a stable VAR and
the effect at lags going from 1 to 3 is decreasing within each outcome and state. The fourth
lags do not necessarily respect this decreasing behavior, as they could represent seasonality
patterns. The correlation matrices have been randomly generated from an inverse Wishart dis-
tribution centered around identity matrices of conforming size and ν = 3 degrees of freedom.
The dwell time parameters have been set to values that ensure different sojourn distributions.
Furthermore, we include the effect of one randomly generated (mean-zero Gaussian) time-
varying covariate on the observation and the hidden process. This setup simulates realistic
scenarios with partially overlapped mixture components exhibiting a wide range of correla-
tions and different behaviors of the latent components. In all scenarios we fit the models for
varying number of hidden states ˜︁K = 2,3,4 and a sequence of values starting from 0 and
followed by 20 equally spaced values of log(λ0) between 10−4 and 0.05.

We first verify whether the ˜︁K∗ identified as optimal by the ICL matches the true size
across all scenarios. Table 1 reports the average ICL for each combination of simulated and
estimated model. Results show that the average ICL is lowest for the model with the true
number of components, highlighting the ability of the ICL to select the correct model speci-
fication also under a penalized regression framework. In addition, comparing the ICL of each
single replica, we report that the correct model (i.e., ˜︁K∗ = K) is selected 100% of the time
across all Ks. Therefore, we can focus on the performances of the well-specified models only
(i.e., K = ˜︁K∗), and in particular, we report in the main text the results for the K = 2 scenario
for reason of space. The results for K = 3,4 are briefly commented here but detailed in the
Supplementary Material.

To evaluate the recovery of the regression and autoregressive coefficients of the observa-
tion process, other than the optimal selection of λ∗

0, we compare the bootstrapped distribution
of the estimates with their true values. Table 2 reports some relevant statistics on the regres-
sion coefficients, while the performances on the autoregressive coefficients are summarized
in Figure 3. The coefficients’ selection performs well across all outcomes and states, with a
few exceptions that are characterized by selection percentages close to 50%. In particular, the
estimates of the coefficients that are wrongly selected as nonzero always present near-zero
point estimates and zero-overlapping intervals. The distribution of the nonzero coefficients
is slightly biased toward lower values, which is a common issue in penalized regression, but
the true value is always contained in the central 95% of the estimation interval. The recovery
of the variance-covariance matrices is evaluated through the matrix Kullback–Leibler (KL)

TABLE 1
Average ICL scores for model selection in the simulation study

Estimated

K 2 3 4

True 2 10,854.56 11,084.04 11,342.60
3 11,974.74 11,432.90 11,675.66
4 11,475.18 11,314.95 10,858.25
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TABLE 2
Recovery of the regression coefficient for K = ˜︁K∗ = 2: True value, Mean of the estimates, 95% Estimation

Interval, Root Mean Squared Error (RMSE), proportion of selection

k = 1 k = 2

Bk True Mean EI0.95 RMSE % True Mean EI0.95 RMSE %

bk10 3 3.11 (2.97, 3.26) 0.14 – −1 −0.88 (−1.02, −0.75) 0.14 –
bk20 1.5 1.38 (1.23, 1.57) 0.15 – −2 −2.14 (−2.29, −2.00) 0.15 –
bk30 2 2.01 (1.85, 2.14) 0.08 – −1.5 −1.49 (−1.58, −1.38) 0.06 –
bk11 0.5 0.457 (0.38, 0.55) 0.06 100 −0.2 −0.158 (−0.25, −0.08) 0.06 100
bk21 0.0 0.00 (−0.04, 0.05) 0.02 35 0.4 0.36 (0.29, 0.44) 0.06 100
bk31 0.0 0.00 (−0.06, 0.05) 0.02 41 −0.1 −0.06 (−0.13, 0.000) 0.06 87

discrepancy, whose average values are very low and equal to 0.013 and 0.010 for K = 1,2,
respectively. Similar performances are observed for the other Ks (see the Supplementary Ma-
terial). Table 3 shows the estimates of the dwell time coefficients. The point estimates yield
averages that closely align with the true values, which consistently fall within the 95% es-
timation intervals. The RMSEs remain low across all cases, demonstrating that our method
effectively captures the dynamics of the latent terms. The conditional transition probability
matrix Ω is not estimated for K = ˜︁K∗ = 2, as it is deterministically defined as a row-reversed
identity matrix JK .

Regarding time-series segmentation, each observation is assigned a cluster label with the
Maximum A Posteriori (MAP) rule. The average ARI and Accuracy are notably high (ex-
ceeding 87% and 95%, respectively) in all scenarios. This underscores the model’s ability to
accurately assign each data point to its corresponding cluster, regardless of model complexity.
Detailed results are included in the Supplementary Material.

FIG. 3. Recovery of the autoregressive coefficients for K = 2. True values are: green if different from 0, red if
not; marked as a cross if shrunk to 0 more than 50% of the times or as a dot otherwise. The black line represents
the central 95% of the estimates distribution.
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TABLE 3
Recovery of the dwell-time regression coefficients K = ˜︁K∗ = 2: True value, Mean of the estimates, 95%

Estimation Interval, Root Mean Squared Error (RMSE)

k = 1 k = 2

η True Mean EI0.95 RMSE True Mean EI0.95 RMSE

βk0 −1 −1.03 (−1.35, −0.76) 0.16 −2 −2.03 (−2.38, −1.71) 0.18
βk1 0.15 0.16 (0.07, 0.25) 0.05 0.35 0.36 (0.28, 0.46) 0.05
βk2 −0.50 −0.51 (−0.67, −0.38) 0.07 0.50 0.50 (0.36, 0.66) 0.07

6. Application. The model is applied to the data described in Section 2 for different
values of K = 2,3,4 and λ0 = 0, e10−4

, . . . , e0.05, where the exponents from 10−4 and 0.05
are equally spaced. The order of the VAR is set to H = 7 across all pollutants and states so
that all reasonable lags up to those responsible for weekly seasonality could be selected. Data
with different time resolution might require a different choice of H . For example, for hourly
data one could set H = 24 to account for possible intradaily cycles. We use the average daily
temperature and the weekend effect (namely, weekend = 1 if the day of the week is Satur-
day or Sunday, weekend = 0 otherwise) as exogenous time-varying covariates for the mean
term of the observations process. We instead consider the average wind speed and total pre-
cipitation as time-varying covariates on the hidden process hazards. These are well-known
environmental conditions that affect the chances of reducing pollution levels by either dilut-
ing their concentrations into larger areas or washing them out, that is, dragging them to the
ground. As a link function for the hazard g, we use the c-loglog, which is the canonical link
resulting from the specification of a Gompertz-type hazard in discrete time. The tail of the
dwell time distribution is approximated by a geometric tail for d > m, setting m = 28 (see
the Supplementary Material for additional details on this choice). Uncertainty is quantified
through bootstrapping over B = 300 simulated sets. The optimal penalty λ∗ and number of
states K is selected via cross-validation according on the ICL. The results are summarized
in Figure 4. The behavior for each K is convex, as expected, and the best score is achieved
for the K = 2, at the 11th value of λ. Furhtermore, the adherence of the data to the selected

FIG. 4. Model selection: Cross-validation of λ for each K .
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FIG. 5. Estimated time-series segmentation.

model is successfully confirmed through the inspection of forecast pseudo-residuals (Zuc-
chini, MacDonald and Langrock (2016)), with further details provided in the Supplementary
Material. Therefore, all the following results will refer to this model’s specification.

Figure 5 shows the estimated time-series segmentation over the entire study period. The
estimated VAR process is stable in both regimes, with marginal means (net of the covariates
effects) equal to μ1 = [3.76,3.70,1.80,1.00,2.76] and μ2 = [2.34,3.24,0.84,0.67,1.77],
respectively. Thus, we can interpret state 1 (orange) as a “high pollution” regime and state 2
(sky blue) as a “low pollution” one. The pollutant series remains in state 1 for approximately
55% of the time, predominantly during spring and summer. State 2 occurs with a similar fre-
quency but is mainly observed in autumn and winter. This seasonal asymmetry can be linked
to the intensified use of heating systems, which elevate emissions and reduce pollutant disper-
sion, and to the greater reliance on motorized transport under adverse weather conditions that
discourage active mobility. Table 4 reports the estimated regression coefficients on the obser-
vation process. The temperature effect matches the summer-winter seasonality highlighted
above. We can also notice how, regardless of the temperature, weekends exhibit consistently
lower average pollution levels—except for PM1—supporting the presence of different traffic
patterns between weekdays and weekends that contribute to a reduction in pollution emis-
sions. The estimates of the autoregressive coefficients are summarized in Figure 6, using a
similar scheme to that utilized in the simulation study. The LASSO penalty shrinks to 0 most
of the autoregressive coefficients, and it does so consistently across the bootstrap samples.
This means that, as expected, the maximum lag H = 7 was too large and gives rise to very
sparse relationships. However, it proves to be very useful as it allows detecting some signifi-
cant seasonality patterns occurring within or across pollutants at lag 6 and 7.

The estimated correlation patterns within each state are reported in Figure 7a. In
State 1, pollutants are generally more correlated one another. More specifically, the pairs
PM2.5–PM10 and NO-NO2 form strongly correlated pairs, each exhibiting stronger internal
associations than with any other pollutants. PM1, although still correlated, seems to behave
more independently. In State 2, corresponding to lower pollution levels, two distinct clusters
of highly correlated variables emerge, which are only weakly correlated with each other:
nitrogen oxides and particulate matters. This shift reflects changes in dominant emission
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TABLE 4
Estimated regression coefficients on the observations process: Estimates, 95% bootstrap Confidence Intervals, percentage of selection

NO NO2 PM1 PM∗
2.5 PM∗

10

k Est (CI) % Est (CI) % Est (CI) % Est (CI) % Est (CI) %

Intercept 1 2.63 (2.31, 3.40) – 2.47 (2.21, 2.75) – 0.73 (0.42, 1.02) – 0.49 (0.18, 0.59) – 1.36 (1.06, 1.72) –
2 2.16 (1.70, 2.49) – 2.93 (2.58, 3.21) – 0.59 (0.32, 0.76) – 0.42 (0.01, 0.76) – 1.51 (1.08, 1.81) –

Temperature 1 −0.06 (−0.07, −0.05) 100 −0.02 (−0.03, −0.02) 100 −0.02 (−0.03, −0.01) 100 −0.01 (−0.02, −0.01) 100 −0.01 (−0.02, −0.01) 100
2 −0.01 (−0.03, −0.01) 100 −0.02 (−0.04, −0.02) 100 0 (0.00, 0.00) 13 0 (−0.01, 0.00) 49 −0.02 (−0.03, −0.01) 100

Weekend 1 −0.83 (−1.03, −0.73) 100 −0.28 (−0.39, −0.23) 100 0 (−0.04, 0.00) 15 −0.42 (−0.53, −0.35) 100 −0.70 (−0.85, −0.63) 100
2 −1.05 (−1.22, −0.91) 100 −0.66 (−0.77, −0.57) 100 0 (−0.02, 0.03) 11 −0.02 (−0.23, 0.00) 89 −0.17 (−0.35, −0.08) 100
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FIG. 6. Estimated autoregressive coefficients. Estimates are denoted with a green dot if selected for more than
50% of the bootstrap samples or a red cross otherwise. The black line represents the bootstrap 95% Confidence
Intervals conditional on the parameter being selected.

patterns and atmospheric dynamics. At higher pollution levels, pollutant sources tend to be
common and localized; at lower pollution levels, differences in source types and atmospheric
behavior become more pronounced. Nitrogens primarily originate from combustion pro-
cesses, such as traffic emissions, whereas PM includes both primary particles and secondary
aerosols formed from various precursors. Moreover, PM levels are influenced by diffuse and
less-regulated sources like residential heating, agriculture and regional transport, while nitro-

FIG. 7. Estimated correlation matrix for each state.
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TABLE 5
Estimated parameters of the dwell time: Estimates and 95% bootstrap Confidence Intervals

k βk0 βk1 Precipitation Wind speed

1 −3.35 (−4.41, −2.92) −0.12 (−0.18, −0.04) 6.65 (5.50, 8.64) 0.49 (0.36, 0.68)
2 1.61 (1.00, 2.29) −0.02 (−0.07, 0.12) −3.13 (−4.47, −2.14) −0.46 (−0.71, −0.32)

gens levels are short-lived and more spatially confined. As a result, the correlation between
nitrogens and PMs weakens under cleaner atmospheric conditions.

Table 5 reports the estimated dwell-time regression coefficients and corresponding 95%
bootstrapped confidence intervals. State 2 follows a geometric sojourn distribution, as indi-
cated by the nonsignificant β11, and is characterized by relatively short durations (high β10
and longest sojourn of at most five days). Transitions from this low-pollution state to the
high-pollution one become less likely with increasing total precipitation and average wind
speed, suggesting that rainy and windy conditions prolong cleaner atmospheric episodes.
Conversely, in the absence of rain and wind, the probability of switching from high to low
pollution decreases over time (β21 < 0), leading to longer persistence in the polluted state (the
plot of the estimated distributions is reported in the Supplementary Material). This indicates
that the polluted state can behave as quasi-absorbing, left only when specific meteorological
conditions occur. This behavior is consistent with the phenomenon of accumulation in which
stagnant atmospheric conditions inhibit pollutant dispersion, leading to a progressive build-
up of emissions from traffic, heating, and industrial activities. Such episodes can persist until
wind or precipitation restores vertical and horizontal mixing.

6.1. Risk measures with a focus on multivariate risk assessment. Risk measures have his-
torically been developed in the econometric literature to quantify the systemic risk of financial
institutions. In such contexts, risk is typically represented by the realization of particularly
low returns. When applied to environmental risk and air pollution, this perspective must be
reversed, with risk corresponding to the realization of particularly high concentrations of air
pollutants. Let 𝒮 = {NO, . . . ,PM∗

10} denote the set of p = 5 pollutants under analysis. For
each pollutant i ∈ 𝒮 , we can thereby define the Value-at-Risk VaRi (τ ) as the minimum log-
concentration level that belongs to the τ × 100 “worst” realizations of pollutant i. In other
words, VaRi (τ ) represents the (1 − τ)-quantile of the pollutant’s log-concentration distribu-
tion, identifying the threshold beyond which exceedances correspond to extreme pollution
events. The associated Expected Shortfall ESi (τ ) is then defined as the conditional expec-
tation of the pollutant’s log-concentration given that it exceeds the corresponding VaRi (τ ).
Thus, ESi (τ ) quantifies the average severity of pollution levels in the upper τ -tail of the dis-
tribution. In practice, the value of τ is typically chosen to be small (e.g., τ = 0.05), reflecting
interest in the most extreme pollution episodes. In the multivariate framework considered
here, we consider the extension of these risk-measures to their multivariate counterparts,
namely, MCoVaR and MCoES (Adrian and Brunnermeier (2016)). The core idea remains
unchanged, but instead of considering the univariate marginal distribution of each pollutant,
they are defined on the conditional distribution of pollutant i given the others 𝒮 \ {i}. The
remaining pollutants are partitioned into two subsets:

• ℋd ⊂ 𝒮 \ {i}, representing pollutants in an in-distress situation;
• ℋn = 𝒮 \ {ℋd, i}, representing pollutants in a non-in-distress situation.

The MCoVaR and MCoES of pollutant i are defined conditionally on this partition, capturing
the tail risk of the ith pollutant given that the others are simultaneously experiencing ex-
treme (in-distress) or normal (nondistress) conditions. A detailed formal definition of these
measures is provided in the Supplementary Material.
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Our framework introduces an additional layer of complexity by incorporating temporal
dynamics and a latent process. Consequently, the joint distribution of pollutants is not time-
invariant and depends on the current latent state, inducing time-varying risk measures. Ac-
cordingly, we consider dynamic MCoVaRt and MCoESt , which capture the evolution of joint
tail risk in a time-adaptive manner (Bernardi, Maruotti and Petrella (2017)). These dynamic
measures have been originally defined in terms of the joint distribution of the multivariate
outcome at each time t . In our setting, however, we seek risk measures that are marginal with
respect to the latent process (and thus detached from specific latent states) while remaining
conditional on the history of the process. Hence, we derive the following expression for the
one-step-ahead predictive distribution:

(10) f (𝒚t |𝒚1:(t−1); 𝜽,𝜼) =
K∑︂

k=1

(︄
K∑︂

j=1

m∑︂
d=1

ᾱt−1(j, d) · γjk(d)

)︄
⏞ ⏟⏟ ⏞

ψtk

·fk(𝒚t |𝒚(t−H):(t−1); 𝜽k).

Here ᾱt−1(j, d) denotes the normalized forward probability of being in state j with sojourn d

at time t − 1, and γjk(d) is the transition probability from state j to state k. The weights ψtk

are the one-step-ahead filtering probabilities (Cappé, Moulines and Rydén (2005)), which
sum to 1 and act as mixture weights in a K-component Gaussian mixture at each time t

(equation (2)). In particular, the corresponding conditional distribution of each element, given
all others, is also a mixture of univariate Gaussian distributions with well-known updated
mean and variance terms. The required conditional quantiles can be obtained via numerical
methods, while the tail-expectations present closed-form solutions as weighted combinations
of those of each mixture components.

The multivariate risk measures for a given pollutant i depend on how the other pollutants
are partitioned into ℋd ∪ℋn = 𝒮 \ i. This results in a combinatorially large number of possi-
ble configurations, and thus an equally large number of potential values for the risk measure
of pollutant i at each time t . To obtain a compact and interpretable summary, and to assess
the overall contribution of each pollutant to the risk of others, we adopt the Shapley Value
methodology. This approach decomposes the total risk across contributing factors by com-
puting their marginal contributions across all possible distress and nondistress configurations.
In practice, the contribution of pollutant j to the risk of pollutant i is quantified by averaging
its incremental effect across all combinations of the remaining pollutants being in distress
or not. This yields the Shapley Value SHt i (j) (see the Supplementary Material for details).
Originally developed in game theory to fairly distribute gains, the Shapley Value requires
comparability of payoffs across contributors. However, such comparability is not consistent
within the pollutants’ context at hand, as each pollutant has its own intrinsic variability and,
most especially, might be recorded in a different unit of measure. Therefore, we propose a
modification of the original approach to ensure comparability of SHt i (·) across pollutants,
so variations in the risk measure are unit-free and can be interpreted in relative terms. Let
ηti(ℋd) denote a multivariate risk measure (e.g., MCoVaR or MCoES) for pollutant i at time
t , conditional on the subset ℋd ⊂ 𝒮 \ {i} being in distress, while 𝒮 \ℋd is not. Our proposed
standardized Shapely Value is

˜︂Shti(j) = 1

σti

· ∑︂
ℋ⊂𝒮\{i,j}

v(ℋ) · (︁
ηi

(︁
ℋ ∪ {j})︁ − ηi(ℋ)

)︁
,

where σti is the marginal standard deviation of pollutant i at time t and v(ℋ) denotes the
Shapley weighting function. This standardized version ensures comparability of risk contri-
butions across pollutants and over time, providing a coherent measure of each pollutant’s
relative impact on the system-wide pollution risk.
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FIG. 8. Time series of the Shapley Values of each pollutant on each other for the MCoVaR.

We use this method to evaluate the time-varying risk contributions between each pair of
pollutants in our empirical application. In particular, we set τ = 0.05 and plug-in the final
model estimates (𝜽̂, 𝜼̂) into equation (10) to obtain the estimated one-step-ahead predictive
distribution f̂t (·) = f (·|𝒚1:(t−1); 𝜽̂, 𝜼̂). Figure 8 reports the results for the MCoVaR, offering
a nuanced view of how each pollutant contributes to the risk of others over time. We observe
distinct patterns of interaction and risk attribution. NO and NO2 display consistently high
and mutually reinforcing Shapley Values. This pattern reflects the strong chemical coupling
between these two gases—NO2 is primarily formed through the oxidation of NO—and their
common emission sources, particularly road traffic. The stable and prominent risk contribu-
tions of NO and NO2 indicate that these two pollutants are not only co-occurring but also
jointly drive the dynamics of air quality deterioration, particularly in urban and suburban set-
tings. Moreover, the symmetry in their risk profiles highlights the bidirectional nature of their
influence. This mutual influence is especially pronounced during peak pollution episodes,
suggesting that risk mitigation strategies targeting one of the two may produce cascading
benefits across the system. The temporal evolution of the Shapley Values corresponding to
NO and NO2 highlights periods of heightened systemic risk, where their dependency intensi-
fies. In particular, we observe stronger interconnections during winter months, reflecting how
meteorological conditions modulate joint pollution extremes.

In contrast, PM1, PM∗
2.5, and PM∗

10 exhibit more heterogeneous patterns, characterized by
episodic peaks which could be associated with stagnation or transboundary pollution events.
Overall, PM∗

2.5 and PM∗
10 have high mutual Shapley Values, indicating their joint behavior

and potential common sources, such as regional particulate matter transport and resuspension.
These relationships suggest that the monitoring of one pollutant in each pair may suffice to
track the overall risk, reducing the complexity of surveillance systems without substantial
loss in informational content. Conversely, PM1 exhibits a more independent profile, with
lower and more variable Shapley Values across both risk measures. In some high-pollution
periods, PM1 even shows negative contributions to the overall risk of other particulates, sug-
gesting competitive dynamics in particulate composition. By averaging the dynamic Shapley
Values over time, Figure 9 presents the resulting matrix of average inter-pollutant Shapley
Values, which can be interpreted as a network of risk propagation among pollutants. The
structure of this matrix reinforces the patterns observed in the dynamic analysis. Specifically,
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FIG. 9. Matrix of the average MCoVaR Shapley Value between each pair of pollutants.

the NO-NO2 and PM∗
2.5-PM∗

10 pairs emerge as strongly interconnected risk couples, indicat-
ing that these pollutants tend to jointly drive episodes of elevated pollution risk. Within the
particulate pair, a hierarchy is observed, with PM∗

2.5 acting as the primary risk contributor. On
the contrary, PM1 behaves predominantly as a risk receiver, with its tail behavior responding
to fluctuations in the concentrations of other gaseous precursors (Geng et al. (2017)). The
matrix also reveals some systemic negative risk interactions, specifically between PM∗

2.5 and
NO, between PM∗

10 and NO2 and between PM∗
10 and PM1. The inverse relationships between

NOx and large particulate matter particles are consistent with findings reported by Thunis et
al. (2021), which attributed them to the enhanced oxidative capacity of the atmosphere under
conditions of reduced NOx concentrations. The inverse pattern between PM∗

10 and PM1 can
instead be explained by the differing physical and chemical processes governing these particle
size ranges. PM∗

10 is primarily generated through mechanical resuspension and crustal mate-
rial dispersion, typically under dry and windy conditions that enhance atmospheric mixing.
Such conditions tend to disperse fine aerosols, leading to lower PM1 concentrations during
coarse-particle episodes (Zhai et al. (2023)).

Similar interpretations are obtained for the MCoES values, whose results are reported in
the Supplementary Material. The proposed dynamic Shapley-based decomposition and inter-
pretation provide a clear quantitative framework for prioritizing interventions. Targeting pol-
lutants with generally positive and high outgoing Shapley influence (e.g., systemic senders)
could generate system-wide reductions in multivariate pollution risk, offering an efficient
basis for coordinated emission control strategies.

7. Final discussion. The study of environmental risk is inherently complex, as it encom-
passes a multitude of interacting natural and anthropogenic processes, each evolving under
uncertainty and exhibiting time-varying dynamics. The modeling of air quality data, in par-
ticular, is a notable challenge, since relatively little is known about the way air pollutants
interact within an open atmospheric system and about the endogenous and exogenous fac-
tors that drive their joint evolution in a urban area. Consequently, their modeling requires the
integration of diverse statistical tools capable of capturing their faceted behavior.

We introduced a comprehensive and flexible framework for environmental risk assessment
based on a nonhomogeneous hidden semi-Markov model with multivariate, autoregressive,
and state-dependent emission structures. The proposed model represents a novel, data-driven
approach to model pollution emissions, allowing for the simultaneous estimation of hidden
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regimes, pollutant dynamics, and risk contributions in a coherent statistical setting. Simula-
tion studies confirm the reliability of the estimation procedure, demonstrating that the model
parameters are accurately recovered under various configurations. Importantly, the computa-
tional burden of the estimation process is manageable and scalable. While model complexity
increases with the number of hidden states, the length of dwell times, and the dimensionality
of the outcome variables, the framework remains tractable and can be implemented efficiently
with modern computing resources. The model’s structure also lends itself to further general-
ization, incorporating other kinds of penalties to improve regularization or alternative speci-
fications of the hazard function. A general framework such as the one proposed here offers a
structured platform where not only these tools can be efficiently integrated but also distinct
data features can be allocated to different levels of the model hierarchy, thereby enhancing
flexibility and interpretability.

The empirical application to the Bergen air quality data demonstrates the model’s versa-
tility and practical relevance. The results confirm that the air quality of the area is generally
good, although temporary episodes of elevated pollutant concentrations might occur during
periods of intensified human activity and unfavorable meteorological conditions. Unlike sim-
pler approaches, the proposed framework captures the time-varying and regime-dependent
dependence structures among pollutants, allowing for a richer and more realistic representa-
tion of urban air quality dynamics than static or univariate models could achieve. In particular,
the model provides a principled way to predict transitions between favorable and unfavorable
air quality conditions, fully quantifying their timeliness in terms of regime-specific hazard
functions. This dynamic formulation enables the continuous updating of predictions regard-
ing the expected duration of high- or low-risk regimes, leading to the major conclusion that
the polluted state behaves as a quasi-absorbing regime that persists unless favorable meteoro-
logical conditions occur. The integration with dynamic risk measures and the Shapley value
decomposition yields an interpretable and time-resolved characterization of inter-pollutant
risk propagation, facilitating the identification of systemically paired groups of pollutants
and highlighting the key contributors to overall air pollution risk. This offers valuable in-
sights into the mechanisms driving urban air quality fluctuations.

Ultimately, the proposed framework provides a powerful decision-support tool for tar-
geted environmental interventions, enabling policymakers to identify the most influential
risk-driving pollutants and monitor how their impacts evolve over time. Its flexible struc-
ture and interpretability make it broadly applicable to other domains of environmental and
systemic risk assessment beyond air quality monitoring.

Significance statement. We develop a hierarchical model that captures multivariate,
time-varying dependencies among pollutants and links regime transitions to environmen-
tal covariates. Compared to simpler univariate or standard hidden Markov approaches, our
framework allows the estimation of regime-specific correlation structures and flexible state
durations. The results reveal that high-pollution regimes are nearly absorbing unless favorable
meteorological conditions occur, explaining why many short-term emission reduction mea-
sures have limited long-term impact. These findings advance the quantitative understanding
of urban air dynamics and support more effective pollution management strategies.

Data availability statement. The air quality data from Danmarksplass, Bergen, is pro-
vided by the National Air Quality Reference Laboratory and is publicly available at https://
luftkvalitet.nilu.no/en/historical. The weather observations from station SN50540 Florida,
Bergen, are downloaded from https://seklima.met.no/en and are managed by The Norwegian
Meteorological Institute.
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SUPPLEMENTARY MATERIAL

Additional analysis, simulations and methodological details (DOI: 10.1214/26-AOAS
2142SUPPA; .pdf). Supplementary Material is available in a separate file. It includes fur-
ther information about the analyzed data, additional results of the simulations and real data
application, and methodological notes excluded from the main text for reasons of space.

Data and computer programs (DOI: 10.1214/26-AOAS2142SUPPB; .zip). Data and
computer programs developed for reproducibility of the results in the paper are available
as Supplementary Material in the form of a compressed folder. The folder also includes a de-
tailed readme file for its use. This can also be downloaded from a GitHub repository https://
github.com/minmar94/envrisk_hsmm_varlasso.
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